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1. Introduction

Berns [3] describes in appendix G how to find a linear relation between CIE XYZ values and RGB
values as measured by an RGB device (scanner or camera): X i=CR i .
The target GretagMacbeth ColorChecker contains m=24 patches with known CIELab values, from
which the XYZ values can be derived. The 3x3 matrix C contains n=9 unknown parameters.
The matrices X and R for target values and measured values have three rows but 24 columns. The
problem is linear but overdetermined.
The Gaussian least squares method is used to find the best estimation by averaging. Berns intro-
duces for this purpose the so-called pseudoinverse in appendix A.

This document explaines the basic method for a linear vector equation and for a linear matrix
equation as necessary for the color space transform. Furtheron it is shown that one does not need
any inverse matrix - the task results in solving three vector equations with symmetric system
matrices.

According to [1] and [5], a rectangular matrix can have several pseudoinverses. The pseudoinverse
as defined by the least squares method is a special case, often called Moore-Penrose inverse.
One does not need more than the old Gaussian normal equation for deriving this inverse.

GMB ColorChecker (registered trademark)
PostScript version with LAB and sRGB numbers

Lab
37.99
13.56
14.06

dark skin
sRGB

115.52
80.92
67.37

1
Lab
65.71
18.13
17.81

light skin
sRGB

198.57
147.21
128.68

2
Lab
49.93
-4.88
2- 1.93

blue sky
sRGB
90.59

122.38
155.79

3
Lab
43.14
1- 3.10
21.91

foliage
sRGB
89.72

107.65
64.38

4
Lab
55.11

8.84
2- 5.40

blue flower
sRGB

129.55
127.99
176.08

5
Lab
70.72
3- 3.40
-0.20

bluish green
sRGB
92.40

189.92
172.02

6

Lab
62.66
36.07
57.10

orange
sRGB

224.27
123.73

46.69

7
Lab
40.02
10.41
4- 5.96

purplish blue
sRGB
67.88
91.23

170.18

8
Lab
51.12
48.24
16.25

moderate red
sRGB

198.32
81.92
97.05

9
Lab
30.33
22.98
2- 1.59

purple
sRGB
93.64
58.00

105.60

10
Lab
72.53
2- 3.71
57.26

yellow green
sRGB

158.73
188.97

62.82

11
Lab
71.94
19.36
67.86

orange yellow
sRGB

230.42
161.62

39.25

12

Lab
28.78
14.18
5- 0.30

blue
sRGB
35.37
63.33

147.11

13
Lab
55.26
3- 8.34
31.37

green
sRGB
66.89

148.92
74.12

14
Lab
42.10
53.38
28.19

red
sRGB

179.91
48.66
56.96

15
Lab
81.73

4.04
79.82

yellow
sRGB

238.29
198.44

19.71

16
Lab
51.94
49.99
1- 4.57

magenta
sRGB

193.07
83.98

150.57

17
Lab
51.04
2- 8.63
2- 8.64

cyan
sRGB

0.00
136.21
169.71

18

Lab
96.54
-0.43
1.19

white 9.5
sRGB

244.95
245.22
242.69

19
Lab
81.26
-0.64
-0.34

neutral 8.0
sRGB

200.35
202.22
202.41

20
Lab
66.77
-0.73
-0.50

neutral 6.5
sRGB

160.70
162.85
163.27

21
Lab
50.87
-0.15
-0.27

neutral 5.0
sRGB

120.68
121.20
121.56

22
Lab
35.66
-0.42
-1.23

neutral 3.5
sRGB
82.44
84.11
85.79

23
Lab
20.46
-0.08
-0.97

black 2.0
sRGB
48.66
49.36
50.71

24

GMB ColorChecker (TM) / Template sRGB by G.Hoffmann / December 30 2006 / No.18 clipped



3

2.1  Matrix fundamentals

The nomenclature and some non-trivial results are essentially based on Zurmühl,Falk [1].  In fact
this book was written by Falk more than twenty years ago as an entirely new undertaking.
A set of n real variables is written as a column matrix. A vector is a geometrical or mechanical
object which can be assigned to a column matrix, and vice versa. In this doc one does not need
vectors, but occasionally the word vector is used as an abbreviation. A column matrix can be
written transposed as a row matrix.
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2.2  Overdetermined vector equation

A set of m linear equations for n unknowns with m=n can be solved directly. For m>n the Gaussian
least squares algorithm is quite common. In fact the solutions for somewhat contradictional equations
are averaged by minimizing the sum of the squared errors (residuals) of each equation.
Algorithms for Gaussian and Cholesky equation solvers are available in [1],[2] and in many other
text books about numerical mathematics.

Use m measured values  for n unknown parameters in :r p
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A A p A r

A A

T T

T

=

..

Solve n equations for n unknowns by Cholesky’s method 

or  by a Gaussian equation solver if n is small.

It can be shoown that the solution is orthogonal to the 

error vector

p 

  :

A differential variation  does not change the e

e

e p

p

T = 0

δ rrror.

Formally we can find the solution by the so-called psseudoinverse.

This is never recommended for numerical calcuulations.
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The structural visualization for
matrix multiplications was inven-
ted about 1950 by Sigurd Falk.
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2.3  Overdetermined matrix equation / Concept

This chapter is closely related to Berns [3], appendix A and G. The GretagMacbeth ColorChecker
consists of m=24 color patches which are described with high accuracy by CIELab coordinates.
These values L*,a*,b* can be converted into CIE XYZ values [4].
An RGB device (camera or scanner) measures for each patch the values RGB in a linear RGB
space. The most simple characterization of the device is a plain matrix C. This matrix with n=9
parameters converts RGB into XYZ.
The unknown matrix C is found by solving three overdetermined vector equations in the gray box
for each column - no pseudo-inverse is required.

RT

Ri      Gi        Bi

CT

r XT

Xi      Yi      Zi

This arrangement of transposed
matrices shows:
24 equations for 3x3  unknowns.
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2.4  Overdetermined matrix equation / Solution and Pseudoinverse

So far we have three overdetermined vector equations.

Each one is handled by the Gaussian least squares algorithmm

(multiply by the transposed system matrix):
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For the numerical solution it is recommended too honour the symmetry

of by Cholesky’s method. 
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This is the sso-called pseudoinverse. For practical applications

the pseeudoinverse is not required.

Thanks to Szymon Beczkowski foor correcting an error in the formula

for .C
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3.  Example

The camera calibration by a 3x3 matrix C, using the target GretagMacbeth ColorChecker, was
tested for the digital camera Nikon D100 by a student [7].

The image shows the ColorChecker (on top of a painting). The squares in the color patches were
drawn by MatLab .
Middle Square: true sRGB colors. Small square: photo colors after correction by matrix C .

Ideally, the middle square and the small square would have the same color. The correction is
obviously not perfect. Probably the sensitivities of the camera sensor are not linear combinations
of the so-called color matching functions [6].

Better results were achieved by nonlinear corrections,based on an ICC Profile, using commercial
software [8].
The shape of the CIELab gamut volume indicates, that the ICC profile is not simply a matrix profile.
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